We study the thermodynamics of systems based on a Fock space representation inspired by the differential-difference operators proposed in Ref. [1] . We calculate thermodynamic functions as the entropy and heat capacity and compare them with the standard boson case. A calculation of the second virial coefficient and the scalar curvature in two and three dimensions show that these systems becomes repulsive within an interval of negative values of the reflection operator parameter µ0. In addition, the stability of this system is examined as a function of µ0.
Introduction
Our work uses as a starting point the differential-difference operator defined in Ref. [1] and used to study the kernel solutions of the corresponding Laplacian which are known as h-harmonic functions. This work was then extended in Refs. [2] . The differential-difference operator is written
where µ 0 is a parameter and the operator R x is a reflection operator which can be formally written as R x = (−1) x∂/∂x . More recently, in Refs. [3] - [4] this operator was used to study the solutions and symmetries of a Hamiltonian with an isotropic harmonic potential in two and three dimensions. It was shown that this isotropic Dunkl oscillator model is superintegrable and allows separation of variables in the usual coordinate systems with solutions in terms of Hermite,Laguerre and Jacobi polynomials.
This paper is organized as follows. In Section 2 we make a correspondence between the coordinate and the differential-difference operator in Equation 1 with creation and annihilation operators which allow us to define the model we wish to study. In Section 3 we calculate the partition function leading to the entropy, heat capacity functions and critical temperature and compare them with the standard Bose-Einstein (B-E) case. In Section 4 we calculate the second virial coefficients in two and three dimensions, and in Section 5 we calculate the thermodynamic curvature which will tell us about the stability and anyonic behavior of the system. In Section 6 we discuss our results.
The model
Our starting point is very simple, we want to study the consequences of proposing a hamiltonian in terms of creation an annihilation operators defined from the correspondence between them and the coordinate and its derivative respectively. Simply, as it is done in the standard case, following the correspondence a † ↔ x and a ↔ ∂/∂x motivated by their commutation relations we define the hamiltonian
where here the correspondence is given byφ ↔ x and φ ↔ D x . The commutation relation between φ j andφ j is simply given by
Their action on Fock space is
and therefore the number operator N N |n >= n|n >,
if n is even, and N |n >= (n + 2µ 0 )|n >,
for n odd. By defining the operators:
we get a representation of the su(1, 1) algebra
The hamiltonian in Equation 2 in terms of the usual operators a † and a becomes
which is clearly hermitian andN i is the usual number operator.
Thermodynamic functions
From Equation 9 the partition function for this system is given by
which is easy to sum leading to
As expected, at µ 0 = 0 we obtain the B-E partition function Z = l=0
The average number of particles
In particular, the zero momentum distribution is < n 0 >= z 1−z , which is identical to the B-E case. Replacing, in the thermodynamic limit, the summation by an integral and expanding in powers of z we obtain
where the functions
(µ 0 , z) become the standard functions g 5/2 (z) and g 3/2 (z) for µ 0 respectivelyandλ is the thermal wavelength. The critical temperature
Since for µ 0 > 0 the function g 3/2 (µ 0 , 1) < g 3/2 (1) the critical temperature T c is higher than the critical temperature for B-E case T BE c
(1) and therefore T c < T BE c which means that the system is less attractive. In general
and in the range 0 ≤ µ 0 ≤ 1 the quotient
takes values in the interval
(1) and the ratio Tc T BE c ≈ 1.26. Denoting as S + and S − the entropies above and below the critical temperature respectively, we write Figure 2 shows a graph of the function g 5/2 (µ 0 , z) for three values of the parameter µ 0 . For µ 0 < 0 the function g 5/2 (µ 0 , z) > g 5/2 (z) and the entropies S + and S − are larger than S BE . In the interval µ 0 > 0 the entropies S ± < S BE . Similarly to the standard case the heat capacity above and below the critical temperature is written
Since the quotient
is, independently of the value of µ 0 , almost constant for low z we have that for µ 0 < 0 (µ 0 > 0) the heat capacity C ± > C BE (C ± < C BE ).
Virial coefficients
In this Section we calculate the second virial coefficients in two and three dimensions. For D = 3, we expand
Expanding the integrand in powers of z and solving the elementary integrals gives
Performing a similar expansion for < N > and after writting the fugacity z in powers of < N > lead to the result
A similar calculation for D = 2 gives . Although this system exhibits anyonic behavior in two and three dimensions, the parameter µ 0 does not interpolate completely between the free boson and fermion limits.
Thermodynamic curvature
In this section we calculate the thermodynamic curvature R, which is basically the two dimensional curvature in the parameter space spanned by the variables β 1 = β and β 2 = −βµ. The basic geometrical approach to thermodynamics was initiated in Refs. [5] - [9] and extended in [10] - [19] to define a metric and the scalar curvature as a measure of the correlations strength of the system. There have been numerous applications of this formalism including classical and quantum gases [20] - [23] , magnetic systems [24] - [27] , non-extensive statistical mechanics [28] - [30] , anyon gas , fractional statistics and deformed boson and fermion systems [31] , systems with fractal distribution functions [32] . quantum group invariant systems [33] and systems with M -statistics [34] . A calculation of the scalar curvature tell us not only whether the system is attractive (repulsive) from its values R > 0 (R < 0) but also about its stability which is obtained from its departure from the classical gas value R = 0. For exponential probability distributions, the metric is simply defined as
and the two dimensional scalar curvature follows from the basic relation where detg = g 11 g 22 − g 12 g 12 . Due to the obvious identities ∂gij ∂β j ≡ g ij,j = g jj,i the curvature tensor R ijkl reduces to
where the Christoffel symbol Γ ijk = 1 2 g ij,k . The curvature R is simply given by the determinant
The metric components are readily calculated from Equation 23 The integrals are given by
with the functions f = 1 − e −2x 2 z 2 and g = 1 + e
where V D stands for the area or volume. Figure 4 shows a graph of the scalar curvature R for the three dimensional case as a function of the fugacity z. For values such that µ 0 < 0 the system becomes repulsive at high temperatures (z ≈ 0) and it is more stable than the B-E case for all values of z. mora unstable at high temperatures. As expected, there is a singularity in R as z → 1 at the onset of Bose-Einstein condensation. For the two dimensional case the behavior of R as a function of z, as shown in Figure 5 , is quite similar to the three dimensional case. Figures 6 and 7 are graphs of the scalar curvature R as a function the parameter µ 0 for the values of z = 0.1, 0.5, 0.9 for the three and two dimensional cases respectively. Independently of the value of the fugacity the curvature vanishes at µ 0 = −0.5 which is the value that corresponds to the classical, Maxwell-Boltzmann case. At high temperatures, there is another value of µ 0 such that the behavior becomes classical, as for example for z = 0.1 the curvature R = 0 at µ 0 ≈ −0.25, and within the interval −0.5 < µ 0 < 0.25 the curvature becomes negative. At low temperatures the system is attractive independently of µ 0 . Independently of the value of z, the instability increases as µ 0 increases. In general, systems with µ 0 > 0 are more unstable and therefore more correlated than those with µ 0 < 0.
Conclusions
In this manuscript we have proposed a thermodynamic model based on a Fock space defined by making a correspondence with the so called Dunkl differential-difference operators. The partition function and the occupation number are written in terms of two functions g 5/2 (µ 0 , z) and g 3/2 (µ 0 , z) respectively which become the standard g 5/2 (z) and g 3/2 (z) as the parameter µ 0 → 0. These two new functions g η (µ 0 , z) impose a lower limit µ 0 > −0.5 as a result that they become complex for µ 0 < −0.5. A numerical calculation of these functions shows that the critical temperature is higher (lower) than the B-E case µ 0 = 0 for the range of values µ 0 > 0 (−0.5 < µ 0 < 0). The fact that the expressions for the entropy and heat capacity are identical than the standard case but written in terms of these new functions g η (µ 0 , z) help us to conclude that these thermodynamic functions are larger (lower) than the B-E for µ 0 < 0 (µ 0 > 0). A calculation of the virial coefficients for D = 2 and D = 3 show that they vanish at two values of the parameter µ 0 mimicking therefore the behavior of a classical system. Between these two values the virial coefficient becomes negative and therefore the system becomes repulsive but without reaching the Fermi-Dirac value of − 1 2 5/2 and −1/4 for D = 3 and D = 2 respectively. These results are consistent with the fact that, for example, the entropy function is larger for µ 0 < 0 than for µ 0 ≥ 0. A calculation of the thermodynamic curvature R gave us a larger picture about the attractive or repulsive behavior and the stability as a function of either the parameter µ 0 or the fugacity z. For all temperature values the curvature graph shows a more (less) correlated system for positive (negative) values of µ 0 as compared with the B-E case. In addition, at low temperatures the behavior is bosonic independently of the value of µ 0 and it becomes more unstable than the B-E case for all values of µ 0 > 0. Therefore, by making a correspondence between Dunkl differential-difference operators with creation and annihilation operators we have proposed a thermodynamic model that exhibits anyonic behavior in two and three dimensions. Although this model does not interpolates completely between the B-E and F-D cases it certainly gives a new approach wherein anyonic behavior manifest in three dimensions other than previously proposed models based on M -statistics [35] and quantum group invariance [36] 
